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Abstract
We discuss a connection between axial anomaly and polarized radiative processes.
By comparison with the corresponding unpolarized cases, we consider some physical
outputs for the pi+ and Z0 polarized radiative decays. We analyse in detail the pattern
of mass singularity cancellation.
PACS 11.30.Rd, 13.20.Cz, 11.15.Bt
1 Introduction
Undoubtedly the axial anomaly represents a fundamental issue for understanding the basic
aspects of quantum field theory. This issue has been analysed deeply over the years.
The anomaly problem has been treated by means of renormalization procedure, giving the
interpretation of its origin in terms of ultraviolet divergences [1]. A more formal analysis of
the axial anomaly can be made by using the path integral formalism [2].
Dolgov and Zakharov [3] have shown an alternative approach to the axial anomaly, by
studying the V V A triangular diagram through dispersion relations. From this approach
follows the interpretation of the axial anomaly as an infrared phenomenon. It appears as
due to a singularity present in the chiral limit in the absorbitive part of the triangular
diagram.
The infrared aspect of the axial anomaly, rised in this paper, is complementary to the more
familiar ultraviolet one, which emerges from the renormalization procedure. A particularly
interesting feature of this approach is that it allows to shed light upon the physical meaning
of the anomalous chiral symmetry breaking, which is connected to a non conservation of
helicity.
The connection between the anomaly and the breaking of a given symmetry has received
a lot of attention in the literature and this subject has been discussed and developed in
several papers. Gribov [4], in a seminal work, has described the source of the anomalies as
a collective motion of particles with arbitrarily large momenta in the vacuum. Related to
this work, in ref. [5], Mueller has discussed the manifestation of the axial anomaly as a flow
of Landau levels. In the papers of refs. [6] the origin of the axial anomaly has been studied
in two dimensions and, again, as a level crossing phenomenon. The infrared interpretation
of the axial anomaly, according to the Dolgov and Zakharov approach, has been possibly
advanced in [7]. In a series of papers [8, 9] the leading terms in the chiral limit have been
correctly evaluated. Furthermore the dispersive analysis of the triangular V V A diagram is
fundamental in the formulation of the ’t Hooft consistency condition [10]. The axial anomaly
plays an essential role also in the interpretation of spin dependent parton distribution (see
1
[11]).
In this work we attempt to relate the Dolgov and Zakharov approach to the axial anomaly
to some effects in the dynamics of physical reactions, as the radiative decays of π+ and Z0.
We will try to show that the axial anomaly can be related to polarized radiative decays, as
in the usual ultraviolet interpretation it is connected to the π0 → γγ decay. We calculate
the corresponding decay rates for the cases where the outgoing leptons are in a definite
helicity state and we examine in some detail the structure of the mass singularities and their
cancellation. We study how the Kinoshita-Lee-Nauenberg (KLN) theorem [12] applies and
we consider the analogies and the differences with respect to the corresponding unpolarized
decay rates.
The paper is organized as follows. In the section 2 we briefly reconsider the dispersive
approach to the axial anomaly. In particular we concentrate on its physical origin.
In section 3 we extend the Dolgov and Zakharov approach to the study of the radiative pion
decay. We calculate the differential decay rate for the process, where the outgoing lepton
undergoes an helicity flip and we interpret its behaviour in the chiral limit, as a manifestation
of the axial anomaly.
In section 4 we study the behaviour of the Inner Bremsstrahlung contribution to the pion
decay rate in the collinear and infrared limits. We consider separately the unpolarized decay
rate and both the cases of right-handed and of left-handed outgoing lepton. We find that
the mass singularities cancellation mechanism occurs in different ways, according to the
polarization of the outgoing lepton. We discuss the various realizations of the KLN theorem.
We also consider a more general process, i.e. the radiative Z0 decay in a lepton-antilepton
pair, with a right-handed polarized lepton. We examine how the mass singularities cancel
in this case and discuss the differences with respect to the pion decay.
Finally, in the Conclusions, we summarize our arguments.
A short discussion of the main results obtained has been already given in [13].
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Figure 1: Lowest order contribution to the process axial source → 2 photons.
2 The dispersive approach to axial anomaly
The Dolgov and Zakharov approach [3] to derive the axial anomaly is based on the dispersion
relation method. In this framework, the triangular diagram with two vector and one axial
vertices is seen as the lowest order contribution to the process:
axial − vector source −→ 2 real photons,
as described by the diagrams of fig. 1. In the physical region, the triangular diagram
possesses a branch cut along the real axis, from 4m2 to infinity. T 5αβµ represents the cor-
responding amplitude. We express it by means of a dispersion relation in the variable
s = q2 = (k1 + k2)
2, where k1 and k2 are the outgoing photon momenta.
By requiring parity, Lorentz invariance, Bose symmetry and that T 5αβµ satisfies the vector
Ward-Takahashi identity,
kα1T
5
αβµ(k1, k2) = k
β
1T
5
αβµ(k1, k2) = 0,
3
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Figure 2: Cut diagram
we can write it in terms of an invariant scalar function g1(q
2) as:
T 5αβµ(k1, k2) =
2α
π
g1(q
2) ǫαβσρ k
σ
1k
ρ
2qµ. (1)
Similarly, we can express the contribution of the triangular diagram with the vertex γµγ5
substituted by γ5 as:
T 5αβ(k1, k2) =
αm
π
g2(q
2) ǫαβσρ k
σ
1k
ρ
2, (2)
where g2(q
2) is another invariant scalar function.
In terms of dispersion relations, the functions gi(q
2), i = 1, 2 can be expressed as follows:
gi(q
2) =
1
π
∫ +∞
4m2
ds
Im gi(s)
s− q2 i = 1, 2. (3)
We can use unsubtracted dispersion relations, because the integrals contained in gi(q
2),
i = 1, 2 are convergent, since these functions are multiplied by three and two powers of
momentum, respectively.
The imaginary part of the invariant scalar functions can be derived from the absorbitive
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part of the triangular diagram, calculated by cutting the diagram as shown in fig. 2 and by
using the Cutkosky rules or the perturbative unitarity relation. We obtain [3]:
Img1(q
2) = −2πm
2
q4
θ(q2 − 4m2) ln
(
1 +
√
1− 4m2/q2
1−
√
1− 4m2/q2
)
. (4)
Img2(q
2) = −2πθ(q2 − 4m2) 1
q2
ln
(
1 +
√
1− 4m2/q2
1−√1− 4m2/q2
)
(5)
Using eqs. (1), (2), (3) and the above expressions, we derive the complete triangular dia-
gram contribution:
T 5αβµ(k1, k2) =
2m
q2 + iǫ
T 5αβ(k1, k2)qµ +
2α
π
1
q2 + iǫ
ǫαβσρ k
σ
1k
ρ
2qµ (6)
and the anomalous axial-vector Ward-Takahashi identity:
qµT 5αβµ(k1, k2) =
2m
q2
T 5αβ(k1, k2) +
2α
π
ǫαβσρ k
σ
1k
ρ
2. (7)
Thus, in the dispersive approach we find the same result obtained by using the renormal-
ization procedure [1]. The method above allows a more direct treatment, since we avoid
evaluating divergent integrals and introducing regularization schemes.
The fact that the axial anomaly can be derived without using the renormalization procedure,
suggests that this should not be considered as the only origin of the anomalous breaking of
the chiral symmetry. Moreover, by studying the axial anomaly with the renormalization
procedure, that is by considering its ultraviolet interpretation, an important aspect of this
phenomenon remains obscure and we are bound by a formal derivation only. As stressed in
[3] and [14], the dispersive approach shows that the anomaly is related to the chiral limit
and therefore, it can be interpreted as an infrared effect. In this work we are close to this
infrared interpretation, which, as we will see, can help to shed light on some aspects of the
physics connected to the axial anomaly.
Let us briefly discuss the physics involved in the amplitudes contributing to the absorbitive
part of the triangular diagram. The two Born diagrams, obtained from the cut of the trian-
gular diagram (see fig. 2), describe the following two processes:
5
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Figure 3: Process b)
a) the production of a fermion-antifermion pair (for example e+e−) by an axial-vector
source;
b) the subsequent annihilation of the pair into two real photons.
In both these processes there occur helicity flips, thus the chirality is not conserved in the
zero mass limit.
Let us go to the center of mass frame of the two final photons. In the first process the
axial-vector source produces an e+e− pair of total spin zero, since a spin 1 state cannot
annihilate into a two real photons state. Thus e+ and e− must have the same helicity and
hence opposite chirality in the massless limit1. In the process b) the e+e− pair annihilates
into two real photons by going through an intermediate virtual state. There are four possible
virtual states [15]: one is drawn in fig. 3 (p1 and p2 are the e
− and e+ linear momenta), a
second one is obtained by reversing the virtual state helicity; the remaining two are obtained
replacing the outgoing virtual fermion with an incoming virtual antifermion. Let us study
1 Equivalently, considering the outgoing antifermion as an incoming fermion, one can say that the latter
makes an helicity flip interacting with the axial-vector source.
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the case shown in fig. 3 and assume that e+ and e− are both right-handed. In the vertex B
the chirality is conserved in the massless limit, while in the vertex A there is an helicity flip,
thus the chiral symmetry is broken. As can be easily checked, for all the remaining virtual
states we always have an allowed vertex and a forbidden one.
At the Born level, these reactions are described by the classical QED Lagrangian, which,
in the m → 0 limit, is invariant under chiral transformations. Thus it seems at first sight
that the absorbitive part of the triangular diagram, being proportional to the product of
amplitudes relative to processes forbidden by chiral invariance, vanishes. On the contrary,
one sees that taking the limit m→ 0 in (5) gives a finite result [3]:
Img1(q
2) −→ −πδ(q2) as m→ 0. (8)
Therefore, by studying the absorbitive part of the triangular diagram, one establishes that
a non-conservation of helicity occurs, becoming, in the massless limit, a non-conservation of
chirality. We interpret this as related to the presence of the anomalous term in the diver-
gence of the axial-vector current. Thus the axial anomaly can be derived by studying the
properties of the amplitude in the infrared region.
Even if in this work we will analyse the cancellation of mass singularities in polarized pro-
cesses, we will not discuss the physical implication of the zero fermion mass limit.
As stated in refs. [3, 8, 14], the result in eq. (8) indicates that there occurs a cancellation of
the suppression factor m2, due to the terms coming from the vertices with helicity flip. In
(4) the logarithmic factor conspires to give a finite result. This logarithm is a collinear one;
we shall discuss about this kind of logarithms in section 4. Its presence is a manifestation
of the singularity occurring in the fermion propagator as m→ 0, which exactly cancels the
suppression factor m2 in the numerator.
We observe that the behaviour of the absorbitive part of the triangular diagram given in
eq. (8) shows that the m → 0 limit is not smooth; if we evaluate the amplitudes with the
massless theory, they identically vanish. If, on the contrary, we take the chiral limit after
summing their product over the intermediate states, we obtain a result different from zero.
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3 Helicity changing processes and polarized pion decay
3.1 Helicity changing processes
In the process b) contributing to the absorbitive part of the triangular diagram a charged
polarized fermion, changes helicity by emitting a photon. Thanks to the collinear singularity
within the propagator relative to this fermion, the chiral suppression factor m2 is cancelled
and the absorbitive part of the triangular diagram doesn’t vanish in the chiral limit.
Let us now extend these remarks to physical processes having the same features as the ones
characterizing the absorbitive part of the triangular diagram. This means that we want to
investigate about a manifestation of the axial anomaly in reactions where a fermion changes
helicity by emitting a photon. We call these processes helicity changing processes. They
have been considered by Lee and Nauenberg [12], who observed that states with opposite
helicity don’t decouple in the massless limit, provided that this limit is taken after having
summed the transition probability over the final phase space. In the process b) the incoming
e+ and e− are in a definite helicity state, as discussed above. In the reactions we want to
study, we calculate the probability that an outgoing fermion assumes an helicity opposite to
the one required by the interaction before the emission of the photon. In other words, we
evaluate the probability that in the fermion-photon vertex occurs an helicity flip. According
to the Dolgov and Zakharov analysis, we interpret the presence of a term independent of the
fermion mass in the corresponding cross sections as a manifestation of the axial anomaly.
Due to this term, the probability for a process with helicity flip doesn’t vanish in the chiral
limit.
3.2 Polarized radiative pion decay
We first examine the non radiative pion decay
π+ −→ l+ + νl,
8
where l+ is an antilepton (e+ or µ+) and νl is the associated neutrino. At the Born level the
total decay rate is given by:
Γ0(π
+ → l+νl) = G
2f 2pi
8π
| Vud |2 m
2
l
m3pi
(m2pi −m2l )2, (9)
where G is the Fermi coupling constant, fpi is the pion decay constant, Vud is the CKM
matrix element, ml and mpi are the lepton and pion masses, respectively. The decay rate
(9) is proportional to m2l , since, due to angular momentum conservation, the pion produces
a left-handed lepton, while the structure of the weak coupling requires the l+ to be right-
handed for ml = 0.
This situation is confirmed by the expression of the total decay rate for the process in which
the antilepton is polarized:
Γpol0 (π
+ → l+νl) = G
2f 2pi
16π
| Vud |2 m
2
l
m3pi
(m2pi −m2l )2
(
1− pl · sl|pl|
)
, (10)
where pl and sl are the linear momentum and the spin vector of the lepton, respectively,
giving pl · sl/|pl| = ±1, for right-handed and left-handed lepton, respectively. The eq. (10)
indicates that the lepton is mandatory left-handed, as requested by angular momentum
conservation.
We now consider the radiative correction, due to the emission of a real photon, to the pion
decay,
π+ → l+ + νl + γ,
when the outgoing antilepton is polarized, i.e. when it is in a definite helicity state. As
we have seen in the non-radiative case, due to angular momentum conservation, the π+ is
coupled to a left-handed lepton. We calculate the probability that the lepton flips its helicity
and becomes right-handed, by emitting a real photon.
The amplitude describing the radiative pion decay can be divided into two parts, the Inner
Bremsstrahlung and the Structure Dependent amplitudes [16]:
M(π+ → l+νlγ) = MIB +MSD. (11)
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Figure 4: Inner Bremsstrahlung diagrams
The Inner Bremsstrahlung amplitude, where the photon is radiated from the external charged
particles, can be calculated using the rules of QED, with a point like pion coupling; the
Structure-Dependent amplitude is governed by the strong interactions.
Clearly, the relevant part for the problem we are considering is the Inner Bremsstrahlung
contribution described by the diagrams of fig. 4. The term associated to the IB3 diagram is
the so called contact term and it is introduced to ensure gauge invariance (see, for example,
[16]).
We consider only tree level diagrams, since, to reveal the effects of the axial anomaly, it is
sufficient to take into account the contribution of the vertex with the helicity flip. For the
moment, we may neglect the corrections due to the emission of virtual photons; these will
be discussed in section 4. Finally, at this order in perturbation theory, we retain terms of
all powers in the lepton mass. We will argue that the manifestation of the axial anomaly is
strictly connected to these terms.
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The Inner Bremsstrahlung amplitude is given by [16]:
MIB =
3∑
i=1
IBi
= ie
G√
2
fpi Vudml u¯(pν)(1 + γ5)
[
p · ǫ
p · k −
6k 6ǫ+ 2pl · ǫ
2pl · k
]
v(pl, slR), (12)
where u and v are the Dirac spinors for the neutrino and the lepton, respectively, p is the
pion momentum, pl and slR are the momentum and the polarization vector of the lepton, k
and ǫ are the momentum and the polarization vector of the photon.
We see that MIB is proportional to the lepton mass ml, thus the decay rate is proportional
to m2l . As we have said above, this factor is a consequence of the structure of the weak
coupling. Thus, if we remove it by normalizing the radiative decay rate with respect to the
non radiative one, we can emphasize the mass dependence of the radiation emission process.
The differential Inner Bremsstrahlung contribution for right-handed lepton is:
1
Γ0
dΓRIB
dy
=
α
4π
1
(1− r)2
1
A(1− y + r)
{
2A
[
1 + y2 − 2A+ r(2A+ r − 6)
]
+
[
(A+ 2r)(1 + r)2 + Ay(y − 4r) + 2ry(1 + y)− y(1 + y2 + 5r2)
]
ln
y + A
y −A
+ (1− y + r)2(y − 2r − A) ln y + A− 2
y −A− 2
}
. (13)
The dimensionless variable y is defined as
y =
2El
mpi
and
r =
m2l
m2pi
, A =
√
y2 − 4r.
The physical region for y is:
2
√
r ≤ y ≤ 1 + r. (14)
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We see that, in eq. (13), there is a term independent of the lepton mass, the one in the first
square brackets. Owing to this term, the differential decay rate doesn’t vanish in the limit
ml → 0. We have:
1
Γ0
dΓRIB
dy
−→ α
2π
(1− y) as r → 0. (15)
This indicates that there occurs an helicity flip and thus a chirality non conservation in
the limit of zero lepton mass. According to the interpretation given above, this term can be
interpreted as connected to the axial anomaly. It corresponds to the anomalous term present
in the divergence of the axial current.
Since the polarized radiative process with the right-handed l+ is forbidden, in the limit
ml → 0, by the chiral invariance of the massless QED Lagrangian, the appearance of a term
different from zero, in this limit, indicates the action of a cancellation mechanism, analogous
to the one acting in the absorbitive part of the triangular diagram.
To see how this mechanism acts, let us examine the decay rate differential with respect to
the lepton energy and to the emission angle:
1
Γ0
dΓRIB
dy d cos θ
=
α
4π
1
(1− r)2
1
(1− y + r)
{
4r
(y −A cos θ)2 (1 + y
2 − y −A)
+
4r2
(y −A cos θ)2 (A+ r − y − 2) + y(1 + r)− A(1− r)− 4r
+
[
(A+ 2r)(1 + r)2 + Ay(y − 4r) + 2ry(1 + y)− y(1 + y2 + 5r2)
] 1
(y − A cos θ)
+(1− y + r)2(y −A− 2r) 1
(y − A cos θ − 2)
}
. (16)
The first term is proportional to the lepton propagator squared. Thanks to this term, when
we carry out the final integration over the emission angle, we obtain, besides logarithmic
collinear divergences, also power collinear divergences. These power terms are essential for
the convergent behaviour of the distribution. The cancellation of the chiral suppression
would not take place were these terms absent. The term related to the axial anomaly (see
eq. (15)) originates from this cancellation. To obtain the differential decay rate, we have to
12
evaluate integrals of the form:
m2l
∫ +1
−1
d cos θ
1
(E −√E2 −m2l cos θ)2 =
m2l√
E2 −m2l
2
√
E2 −m2l
m2l
, (17)
where the propagator has a power mass singularity that exactly cancels the factorm2l , coming
from the vertex lepton-photon.
The integration of the terms in equation (16) containing the lepton propagator gives rise to
the collinear logarithms:
ln
E +
√
E2 −m2l
E −√E2 −m2l ≃ ln
ml
E
. (18)
In the differential decay rate (13) there are also terms proportional to the logarithm
ln
E +
√
E2 −m2l −mpi
E −√E2 −m2l −mpi . (19)
This one is another collinear logarithm; it diverges in the limit mpi → 0 and ml → 0 and
corresponds to the possibility that the photon is emitted parallel to the pion.
Finally, we point out that the chiral limit (ml → 0) is not smooth. In fact we get different
results depending upon whether we describe an helicity changing process using the massless
theory or we take the ml → 0 limit, after carrying out the integration over the final phase
space. The radiative pion decay is not a good process to see this, since, owing to the angular
momentum conservation in the pion vertex, this process cannot take place within a massless
theory, given the structure of the (V − A) coupling of the electroweak theory. To see that
the chiral limit is not a smooth one, we consider the scattering of a polarized electron with
a proton (treated as a point like particle) of initial and final momenta q and q′ respectively,
accompanied by the emission of a real photon. We consider a left-handed incoming electron
with momentum p and spin sL: we calculate the probability that the electron makes an
helicity flip, emitting a real photon with momentum k and polarization ǫ and thus becoming
right-handed electron with momentum p′ and spin sR:
e(p, sL) + p(q)→ e(p′, sR) + p(q′) + γ(k).
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We study this process with the massless QED. The left-handed and right-handed spinors are
given respectively by:
u(p, sL) =
1− γ5
2
u(p)
u(p′, sR) =
1 + γ5
2
u(p′).
The corresponding transition amplitude identically vanishes:
M(elp→ eRpγ) = e
3
[(p′ + k)2 + iǫ](l2 + iǫ)
u¯(p′)
1− γ5
2
6ǫ( 6p′+ 6k)γρ1− γ5
2
u(p)u¯(q′)γρu(q) = 0, (20)
since it contains the product of different chirality projectors.
We now calculate the cross sections for processes with helicity flip using the massive QED
and then we take the massless limit after having summed the transition probability over the
final phase space. An example can be found in [7], where the cross section for the process
e−(p−, λ) + A(p) −→ e−(p′−, λ′) + γ(k, λγ) +B(qi) (21)
is calculated. Here A is the target (for example another fermion), γ is a bremsstrahlung
photon, assumed almost collinear with respect to the direction of the incident electron and
B is a set of particles produced in the reaction.
The helicity flip cross section is given by:
dσhf
dx
= σ0 (s(1− x)) α
2π
x, (22)
where x = k0/E, E is the energy of the incoming electron and σ0 is the cross section for the
Born process
e−(p− − k, λ) + A(p) −→ e−(p′−, λ′) +B(qi). (23)
We see that the expression (22) does not vanish in the massless limit.
The result in eq. (22) coincides with the one in eq. (15) at leading order. Indeed, in [7]
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the subdominant terms are not accounted for. As it will become apparent in the following
section, these terms are essential for the cancellation of mass singularities.
In ref. [17], the authors give a different interpretation of the helicity changing processes and
hence come to a different conclusion about the smoothness of the zero mass limit.
4 Mass singularities
As it is well know, there are two types of divergences occurring in a theory when the mass of a
particle goes to zero, which will be comprehensively call in the following mass singularities.
The first type of divergences appears when we reach the phase space region, where the
momentum of the massless particles vanishes: these are called infrared divergences. They
occur for example in QED when the energy of the photon goes to zero. The Block-Nordsieck
theorem [18] assures that the infrared divergences cancel out in any inclusive cross section.
The other type of mass singularities occurs in theories with massless coupled particles, like in
QED when the photon couples to a fermion, in the limit of zero fermion mass. The origin is
purely kinematical: when two massless particles, say with momenta k and k′, move parallel
to each other, they have combined invariant mass equal to zero:
q2 = (k + k′)2 = 2EE ′(1− cos θ)→ 0 as θ → 0, (24)
even though neither k nor k′ are soft. These divergences are called collinear singularities.
If we keep the fermion mass finite and integrate over the photon emission angle, the collinear
divergence doesn’t occur, but the possibility of a divergence in the limit m → 0 results in
the presence of the collinear logarithms, that is logarithms of the form ln (E/m), diverging
for m→ 0.
In the case of collinear singularities, the theorem by Kinoshita, Lee and Nauenberg [12]
guarantees that these divergences cancel out if we sum the transition probability over the
set of degenerate states, order by order in perturbation theory. This cancellation mechanism
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is analogous to that of the infrared divergences, as stated by the Block-Nordsieck theorem.
Both types of mass singularities arise because the states of a theory with massless particles
are highly degenerate. The infrared divergences can be interpreted as a consequences of the
fact that a state with a single charged particle is degenerate with a state made of the same
particle plus a number of soft photons; this correspond to the impossibility of distinguishing
experimentally a charged particle from one accompanied by soft photons, owing to the finite
resolution of the measurement apparatus. The situation of the collinear singularities is anal-
ogous: the state with a massless charged particle is degenerate with the states containing
the same particle and a number of collinear photons. This corresponds to the fact that,
as a consequence of the finite angular resolution, we cannot establish if a massless charged
particle is accompanied by collinear photons.
Let us now discuss the structure of mass singularities and their cancellation in the decay
rates for the radiative pion and Z0 decays and how the KLN theorem applies to this cases.
4.1 The pion case
It is useful to separate the cases of unpolarized, right-handed and left-handed outgoing
lepton.
Let us consider first the mass singularity cancellation mechanism for the familiar case of
unpolarized radiative π+ decay to the first order in α. The differential Inner Bremsstrahlung
contribution is given by:
1
Γ0
dΓIB
dy
=
α
4π
1
(1− r)2
1
(1− y + r)
{
4A(r − 1) +
[
(1 + r)2 + y(y − 4r)
]
ln
y + A
y −A
− (1− y + r)2 ln y + A− 2
y − A− 2
}
. (25)
One can easily see that the eq. (25) is divergent both in the collinear and in the infrared
limits. The coefficients of the collinear logarithms don’t go to zero in the limit r → 0. There
are also infrared divergences, because if we let y reach its kinematical limit yMAX = 1 + r,
16
ppl
pν
Figure 5: Virtual diagram
corresponding to the photon energy going to zero, the expression (25) diverges.
The decay rate is made free from mass singularities in the ordinary way: the divergences
cancellation occurs in the total inclusive decay rate, when we add all the first order contribu-
tions to the perturbative expansion, i.e. those relative to real and virtual photon emission.
The diagrams describing the real photon emission contribution were already given in fig.
4; the diagram for the virtual correction is drawn in fig. 5. The expression for the lepton
energy spectrum, including the Inner Bremsstrahlung contribution and the virtual photon
one, calculated to the leading order in ml/mpi, is given by [19]:
1
Γ0
dΓ
dy
= D(y, r)[1 +
α
π
Kl(y)]. (26)
D(y, r) is the lepton distribution function, given, to the first order in α, by:
D(y, r) = δ(1− y) +
[α
π
(L− 1) +O(α2)
]
P (1)(y), (27)
where L is the logarithm
L = ln
mpi
ml
, (28)
diverging in the collinear limit; if the lepton is an electron, L ≃ 5.6. P (1)(y) is the Gribov-
Lipatov-Altarelli-Parisi kernel [20], which can be expressed in the form:
P (1)(y) =
1 + y2
1− y − δ(1− y)
∫ 1
0
dz
1 + z2
1− z . (29)
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Kl(y) is a finite term, free from infrared and collinear singularities, which has the expression:
Ke(y) = 1− y − 1
2
(1− y) ln (1− y) + 1 + y
2
1− y ln y. (30)
The differential decay rate to order α therefore becomes:
1
Γ0
dΓ
dy
= δ(1− y) + α
π
(L− 1)P (1)(y) + α
π
Ke(y). (31)
To calculate the inclusive decay rate, we have to integrate the expression in eq. (31) over y;
to the leading order in the lepton mass, the physical region for y is 0 ≤ y ≤ 1. The kernel
P (n) has the property that:∫ 1
0
dyP (n)(y) = 0; (32)
thus, when we calculate the inclusive decay rate, the coefficient of the collinear logarithm
vanishes and the resulting expression is finite in the zero mass limit.
Carrying out the integration over y, we obtain the well known inclusive decay rate to order
α
Γ
Γ0
= 1 +
α
π
[
15
8
− π
2
3
]. (33)
As expected, the expression (33) is finite in the collinear limit and is also free from infrared
divergences, because, as usual, the infrared divergences present in the soft photon contribu-
tion and in the virtual photon contribution have cancelled each other.
Let us now discuss the mass singularities in the case of the right-handed Inner Bremsstrahlung
contribution, given in eq. (13). It is easy to see that dΓRIB/dy is finite in the limit r → 0,
i.e. it is free from collinear singularities. In this limit the coefficients of both the collinear
logarithms vanish. Indeed, as we have observed in section 3.2, only the term related to the
axial anomaly survives in the zero mass limit, that is the part of the decay rate independent
of the lepton mass.
We observe that the right-handed Inner Bremsstrahlung contribution is free from infrared
divergences as well. If we make the lepton energy y reach its kinematical limit yMAX, we
obtain a finite result:
1
Γ0
dΓRIB
dy
−→ 0 as y → yMAX. (34)
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The result (34) shows that the soft photon emission does not contribute to the radiative π+
decay with a right-handed lepton. This is a consequence of the fact that the soft photon
contribution factorizes with respect to the Born decay rate, but this vanishes in the case
of right-handed l+ (see eq. (10)). Physically, eq. (34) is due to the fact that soft photons
don’t carry spin, thus they cannot contribute to the angular momentum balance; therefore
the process with the right-handed lepton emitting a soft photon is forbidden by angular
momentum conservation.
For the same reason of angular momentum conservation, in the right-handed case also the
virtual contribution identically vanishes. The virtual photon diagram (see fig. 5) interferes
with the Born one; the corresponding correction to the total decay rate for π → lνl was
calculated long ago by Kinoshita [21] and is given by:
Γv =
α
2π
{
3 ln
Λ
mpi
− 1
2
b(r)
[
4 ln
λ
mpi
− ln r + 3
]
+
r
1− r ln r + 1
}
Γ0, (35)
where
b(r) =
1 + r
1− r ln r + 2.
Λ is the ultraviolet cutoff and λ is the infrared one.
As usual, the virtual correction is factorized with respect to the Born decay rate, but, as we
have already seen, if the lepton is right-handed, this is identically zero.
In the right-handed case, the mass singularities cancellation occurs trough a mechanism dif-
ferent from the one working in the unpolarized decay rate. The infrared and the collinear
limits give separately a finite result. In particular, the coefficient of the collinear logarithms
is the lepton mass, instead of the usual correction factor coming from the soft and the virtual
photon contributions, as in eq. (31). In this sense, since the soft and collinear radiation fac-
torizes with respect to the Born helicity changing decay rate, the double logarithm Sudakov
term can be equally factorized. It could be useful to investigate the impact of the higher
order terms on the radiative correction to the Born amplitude. It is an open question if say
hard collinear photons can be factorized and resummed.
The particular mass cancellation mechanism occurring in the right-handed radiative decay is
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the consequence of the combination of two constraints: the angular momentum conservation
in the pion vertex and the helicity flip in the photon-lepton vertex.
The situation is completely different if we consider the radiative process with the out-
going left-handed lepton, i.e. the process without helicity flip. The differential Inner
Bremsstrahlung contribution for left-handed outgoing lepton is given by:
1
Γ0
dΓLIB
dy
=
α
4π
1
(1− r)2
1
A(1− y + r)
{
2A
[
r(2A− r + 6)− y2 − 1− 2A]
+
[
(A− 2r)(1 + r)2 + Ay(y − 4r)− 2ry(1 + y) + y(5r2 + y2 + 1)] ln y + A
y −A
+(1− y + r)2(2r − A− y) ln y + A− 2
y −A− 2
}
(36)
The expression (36) contains collinear singularities, since the coefficients of the collinear
logarithms don’t vanish in the limit r → 0, as one can see from eq. (36). The decay rate
(36) is also infrared divergent, as one can verify by taking the limit y → yMAX. In this case
we don’t have the constraint constituted by the helicity flip in the photon-lepton vertex and
in the pion vertex the angular momentum is conserved for soft and virtual photon emission.
Thus, in the left-handed case, the mass singularity cancellation occurs in the ordinary way,
as in the unpolarized case, i.e. in the total inclusive decay rate, obtained by adding all the
order α contributions.
Let us show how the cancellation takes place. As we have already seen (eq. (10)), in the
Born π+ decay the outgoing lepton is left-handed, due to angular momentum conservation.
Thus the unpolarized and the left-handed Born decay rate coincide:
ΓL0 = Γ0. (37)
Because of the factorization with respect to the Born decay rate, also the unpolarized and
the left-handed virtual contributions are equal:
ΓLv = Γv. (38)
Expressing the left-handed Inner Bremsstrahlung contribution in terms of the unpolarized
and the right-handed ones, the total contribution to order α to the left-handed process is
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given by:
ΓLTOT = (Γ0 + Γv + ΓIB)− ΓRIB. (39)
The expression (39) is finite both in the infrared and in the collinear limit, because the mass
singularities present in the terms between brackets cancel each other, as we have seen (see
eq. (33) and ΓRIB is free from mass singularities.
Let us now discuss the origin of these different cancellation mechanisms. The presence of
mass singularities is a consequence of the fact that the states of a theory containing mass-
less particles are highly degenerate. The KLN theorem states that the mass singularities
disappear from the transition probability when we average it over the ensemble of degener-
ate states. This theorem contains the Block-Nordsieck theorem as a special case, when we
consider only the cancellation of the infrared divergences.
We can define two degeneration ensembles, one relative to the infrared divergences and one
relative to the collinear singularities. We call them the infrared and the collinear ensembles,
respectively. If we sum the transition probability over the states contained in the former, the
infrared divergences cancel out and if we average it over the latter, we obtain a quantity free
from both infrared and collinear singularities. The infrared ensemble is the one prescribed
by the Block-Nordsieck theorem, while the second is the one prescribed by the KLN theorem
and contains the first as a subset.
Let us now examine how the infrared and collinear ensemble are composed for the radiative
pion decay in the cases of unpolarized, left-handed and right-handed outgoing lepton. This
discussion concerns the issue of the degeneration of states already addressed for the unpolar-
ized case [12]. This issue in the case of helicity changing processes presents peculiar features.
We have seen in section 4.1 that in the unpolarized and left-handed Inner Bremsstrahlung
contributions there are mass singularities, indicating that we have not summed the transition
probability over the entire ensemble of degenerate states. In these cases the infrared ensem-
ble contains, to order α, the state with a pion, a charged lepton and a neutrino and all the
other states differing from this for the presence of a soft virtual or real photon, i.e. a photon
with an energy Eγ < ω, where ω is an infrared cut off, tipically the measurement apparatus
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resolution. The collinear ensemble is constituted by all the states of the infrared ensemble
plus the states with a hard photon moving parallel to the pion or the lepton. Clearly the
degeneration arises in the limit ml → 0.
According to the KLN theorem the fact that dΓRIB/dy is finite both in the infrared and in
the collinear limits means that in the right-handed case, calculating the differential decay
rate (i.e. summing over the photon polarization and integrating over the photon energy and
emission angle), we have already averaged over the set of degenerate states relative to this
process. Let us now consider how the degeneration ensemble for the right-handed radiative
decay is composed. To obtain dΓRIB/dy we have not averaged over the infrared subspace of
the collinear ensemble, but this is enough to render the transition probability free from mass
singularities. Indeed in this case the infrared ensemble is empty, owing to the constraints
imposed both by the angular momentum conservation in the pion vertex and by the helicity
flip in the photon-lepton vertex. Thus in this case the degeneration ensemble contains only
the states with the outgoing lepton accompanied by hard collinear photons.
We conclude that imposing to the outgoing lepton a polarization opposed to the one pre-
scribed by the vertex preceding the photon emission, implies a reduction of the degeneration
subspace. This fact has two consequences: the first is that both the infrared and the collinear
limits are finite and the second is that these limits are disconnected, since the collinear de-
generation subspace is constituted only by the states with the pion and the outgoing lepton
accompanied by hard collinear photons. Thus in this case we have a particular application
of the KLN theorem.
4.2 The Z0 case
In the radiative pion decay, due to the angular momentum conservation in the pion vertex,
there is no room for a right-handed lepton. For such a channel, soft and virtual photon
contributions are zero. This result is valid independently of the lepton mass.
Let us now consider a more general case, by loosing the value of the angular momentum of
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the decaying state. As an example, we study the radiative Z0 decay in a lepton-antilepton
(l−l+) pair, in which the lepton is in a definite helicity state.
The Z0-leptons vertex is:
i
MZ√
2
(
G√
2
)1/2
γµ(gv − gaγ5),
with
gv = 1− 4 sin θW 2 ga = 1
where θW is the Weinberg angle and MZ is the Z
0 mass.
We have chosen this process, since, by varying the constants gv and ga, we can control
the structure of the Z0-leptons coupling; thus it is possible to point out the role played by
the conservation law occurring in this vertex in the chiral limit in the collinear singularity
cancellation. If we set gv = ga = 1, we require that in the limit of zero lepton mass, the Z
0
couples to a left-handed lepton.
We calculate the decay rate for the process in which the lepton is right-handed. At the Born
level this is given by:
ΓR0 =
GM3Z
48
√
2π
{√
1− 4r [(g2v + g2a)(1− r) + 3r(g2v − g2a)]− 2gvga(1− 4r)
}
. (40)
If in eq. (40) we set gv = ga = 1, Γ
R
0 vanishes in the chiral limit, since there isn’t the term
related to the axial anomaly.
Let us now study the decay process with the lepton emitting a real photon (see fig. 6)
and evaluate the probability that the outgoing lepton is right-handed. The electromagnetic
interaction doesn’t couples states with different chirality, hence the decay rate is expected
to vanish for r → 0.
The decay rate for the process described by the diagram of fig. 6, differential with respect
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Z0
γ
l−
l+
Figure 6: Diagram corresponding to the decay rate 41.
to the lepton energy, is given by:
dΓRγ
dy
=
αGM3Z
96
√
2π2
{
(y − 2)(1− y)2
4(1− y + r)2
[
(g2v + g
2
a)A+ 2gvga(2r − y)
]
+
(1− y)
2(1− y + r)
[
(g2v + g
2
a)A(2r − y) + 2gvga(y2 − 2r)
]
+
2
(y − 1)
[
2(g2v − 2g2a)Ar + (g2v + g2a)A+ 2gvga(4r − y2 + y − 1)
]
+
[
g2v + g
2
a + 2gvga
1
A
(
4r2 + r(y − y2 + 1)− y)] [ ln y + A
y − A − ln
y + A− 2
y −A− 2
]}
.
(41)
Here
r =
m2l
M2Z
,
y is the usual dimensionless variable:
y =
2E1
MZ
where E1 is the lepton energy and
A =
√
y2 − 4r.
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The physical region for y is
2
√
r ≤ y ≤ 1. (42)
The result obtained, as given by the emission of the photon by a single leg, is gauge de-
pendent. To have a gauge independent amplitude, the contribution of the diagram b) of
fig. 7 must be added. For the purpose of the polarized amplitude, however, the helicity
flip contribution of the diagram b) of fig. 7 gives zero in the massless limit and is therefore
negligible in our discussion.
From now on we consider the case gv = ga = 1, to have the condition of chirality conservation
in the Z0 vertex for ml → 0. Taking this limit in eq. (41), we see that dΓRγ /dy does not
vanish:
dΓRγ
dy
−→ α
2π
(1− y)Γ0(Z0 → νν¯) as r → 0, gv = ga = 1. (43)
The result of this limit is the contribution related to the axial anomaly, which has the same
form of the one found in the pion case.
Let us now discuss the mass singularities cancellation mechanism for the Z0 decay case. If we
keep the lepton mass different from zero, the helicity is not fixed by the interaction occurring
before the photon emission, even if we set gv = ga = 1. Thus, for ml 6= 0, the soft and virtual
photons contribution are different from zero and diverge in the infrared limit. Indeed, if we
let the lepton energy reach its kinematical limit, yMAX = 1, we see that dΓRγ /dy diverges.
We expect the infrared divergences to cancel, if we add all the first order contributions, given
by the diagrams of fig. 6 and 7 and calculate the totally inclusive decay rate.
Eq. (43) shows that the collinear limit gives a finite result. Thus, we conclude that, as in
the case of the radiative pion decay, evaluating dΓRγ /dy we have already summed over all
the collinear degeneration subspace. As a consequence, the collinear and infrared limit are
disconnected.
If we take the limit y → 1 in eq. (43), we obtain:
dΓRγ
dy
−→ 0 as ml → 0, y → 1 and gv = ga = 1. (44)
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Z0
l−
l+
a)
Z0
l−
l+
b)
Figure 7: The other order α diagrams
In general, if a quantity is finite in the collinear limit, it is finite also in the infrared limit,
since the collinear subspace contains the infrared one. The eq. (44) indicates that in the
massless limit the soft photon contribution is zero. Indeed, it is factorized with respect to
the Born decay rate, which, for r → 0 and gv = ga = 1, vanishes. As we have discussed in
section 2, the presence of the anomalous term is directly connected to the emission of the
photon, hence it vanishes in the infrared limit.
The virtual photon contribution vanishes in the zero mass limit, as well. Indeed, it is
factorized respect to the Born decay rate, which goes to zero as r → 0. The virtual correction
factor can produce only a logarithmic collinear singularity, not a power-like one, needed for
the cancellation of the chiral suppression.
We observe that taking the infrared limit x → 0 in eq. (22), gives a finite result (indeed
the cross section vanishes). This is a consequence of the fact that the cross section (22) has
been calculated to the leading order in the lepton mass. From the eq. (41), we see that, for
r ≪ 1, the infrared divergent term is given by:(
dΓRγ
dy
)
IR
∝ 4r
(y − 1)
(
2r
y
− y − 2
y
)
(45)
and it is proportional to the lepton mass. Performing the calculation, neglecting the mass
terms, as done in ref. [7], means imposing the chirality conservation law in the Z0 vertex;
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thus the soft photon contribution is zero and the infrared divergences disappear. To the
leading order in the lepton mass, we have only the anomalous term, which vanishes in the
infrared limit.
As done for the pion case, we now examine the composition of the degeneration ensembles
for the radiative Z0 decay with the right-handed lepton.
Eq. (44) indicates that, in the chiral limit, the soft photons don’t contribute to the process
with the right-handed outgoing lepton, since, not carrying spin, they cannot contribute to
the helicity flip.
As we have already said, the virtual photon contribution vanishes in the zero mass limit. In
the limit ml → 0, also the diagram with the photon emitted by l+ doesn’t contribute, since,
clearly, it violates the chirality conservation in the Z0 vertex.
The collinear degeneration arises in the massless limit. The result (43) shows that, in this
limit, the collinear ensemble is constituted only by the states with the lepton accompanied
by hard collinear photons, just as in the case of the pion decay. Thus for ml → 0 the infrared
ensemble is empty and also the states with the antilepton accompanied by a hard collinear
photon don’t contribute.
5 Conclusions
We have shown that the Dolgov and Zakharov treatment of the axial anomaly can be ex-
tended to processes characterized by a lepton which changes helicity by emitting a photon,
as it was already noticed in [8, 7]. The corresponding decay rates don’t vanish in the chiral
limit, due to a term independent of the lepton mass; we interpret the presence of this term
as related to the axial anomaly. This can be seen as a signal of the anomalous symmetry
breaking in processes different from the usual ones, like the π0 → γγ decay.
We have computed the rates corresponding to the π+ and Z0 radiative decays. We have
analysed their infrared and collinear limits. It results essential to keep the terms of all or-
ders in the lepton mass, since the cancellation of the infrared and collinear divergences takes
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place among these terms. We have examined the connection between the polarization of the
outgoing leptons and the application of the KLN theorem.
We have shown that for the helicity changing processes the cancellation of the collinear
singularities occurs through a mechanism different from the usual one of real and virtual
compensation. The coefficients in front of the collinear terms go to zero in the chiral limit,
producing the finiteness of the distribution. We have found, however, a difference between
the pion case and the more general case of the Z0 decay. The former represents a particular
case due to the angular momentum conservation in the pion vertex. As a consequence, the
virtual and real soft photon contribution are zero, even if the lepton mass is kept different
from zero. The Inner Bremsstrahlung contribution is finite both in the infrared and in the
collinear limits.
In the Z0 case, the decay rate diverges in the infrared limit, since, forml 6= 0, the soft photon
contributions are not zero. However in the collinear limit, the result is finite, despite the fact
that the collinear degenerate states arise only in the zero lepton mass limit. In this limit the
virtual and real soft photon contributions do vanish. In order to make the collinear limit
finite, it is therefore sufficient to sum over degenerate states made of the changing helicity
lepton accompanied by a hard collinear photon. The transition probability becomes finite
after summing over the photon final phase space.
We noticed that in the helicity changing processes the collinear limit results disconnected
from the infrared one. The contributions coming from the virtual photon emission and from
the emission of photons by particles different from the one changing helicity, are zero.
This situation is due to the fact that the Born part of the process fixes the fermion chirality
in the zero mass limit, while, after the photon emission, it is in a state of opposite chirality;
this reduces the collinear ensemble.
We conclude that the collinear singularity cancellation mechanism for helicity changing pro-
cesses is controlled by the anomalous breaking of the chiral symmetry. The axial anomaly
implies that the collinear limit gives a finite result, independent of the fermion mass.
The extension of the above remarks to other gauge theories like QCD, is possible. It could
allow a more systematic and complete treatment of the infrared and collinear singularities.
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